In this article the fundamental properties of the physical-mathematical laws are studied upon which music is based. Thus this article is not a study of music as such, but a study of the properties of the component elements which are the ''building blocks'' of music in the hands of the composers. These ''building blocks'' are the musical sound frequencies -the musical tones. It is the intrinsic physicalmathematical structure of the musical tones, and the interrelationships among these tones, which is studied. The physical-mathematical properties of the tones, together with the physical-mathematical laws governing the relationships between the tones, that forms the musical tone system which is discussed in this article.
Introduction
This introduction serves as a summary of both standard and well established properties of acoustics, as well as a summary of the new results which are derived in this article based upon those properties [1] .
The frequency ratios of the with 0 an arbitrarily chosen sound frequency (within the range of frequencies of human hearing). Eq. (1.1) states that the range of frequencies lin can be segmented into a set of musically equivalent intervals, called octaves, distinguished by pitch ð2 n Þ only. The entire set, Eq. (1.1) will be called an octave system (Fig. 1) .
For a given value of n, the frequency interval as pleasing, i.e. as a consonance.
The arbitrarily chosen frequency 0 will be called the reference frequency for the octave system. The parameter =2 has been chosen in this form since 0 =2 1 represents a cycle (Sect. 3 ).
An exponential form for the frequency ratios of the i.e. the frequencies for which the two frequencies agree (the consonances of the octave system based upon the reference frequency 0 ).
The parameter values =2 ¼ =2 ¼ 0; 1 characterize the octave tones of the À 2 1 Fig. 1 . These octave tones can be looked upon as (scaled) lattice points on the line of frequency ratios. Eq. (1.7) is a relationship of musical frequency ratios (defining musical tones) to the intervals (distances) between musical tones. That is, for two tones given by 1 = 0 and 2 = 0 , the interval between the two tones is defined as
The familiar logarithmic formula for the intervals between musical tones of the type given by Eq. (1.9) then becomes 2
that is a linear expression in terms of three discrete parameters n; m; r. Since the reference tone 0 can be arbitrarily chosen it is possible to associate an octave system with any musical tone, in particular also with the tones of a musical system, like the musical system of the ancient Greek Lyre, the diatonic Pythagorean musical system, etc. Considering for the moment the natural diatonic musical system, each of the tones (the German notation for the tones is used; see Sect. 6) 
with all the tones 2 n 0 properly defined ð=2 ¼ 0Þ, i.e. consonances. It holds then ðn; 0; Thus, the ratio of the 0 0 octave system with respect to the 0 octave system exists and is given by the ratio of the reference frequencies.
Mathematical-Physical Properties of Musical Tone Systems
The internal musical properties of a musical system can be expressed as ratios between octave systems. For the case of the example given by Eq. (1.12) it holds 0 ¼ c ¼ 1, and 0 is any of the 8 tones. Since early on in time (Chinese sources $ 600 B.C., Pythagoras $ 500 B.C.) it has been known that the ratios of the set of numbers ( [1] and [2] ), f1; 2; 3; 4; 5; 6g ð 1:15Þ yield the consonances, imperfect and perfect, ''within an octave''. It will be shown that the (smaller) set of the three prime numbers f2; 3; 5g ð 1:16Þ forms a basis for the intrinsic musical properties of 3-parameter musical systems. It are the ratios of the 2-, 3-, 5-based octave systems from which intrinsic musical properties derive. The musical system can formally be represented by a 3-dimensional lattice ðn; m; rÞ with the lattice points corresponding to the musical tones, Fig. 15 . The various musical scales form subsystems of the general system. Thus, the subsystem ðn; 0; 0Þ corresponds to the standard octave system, 
Assumptions
The following assumptions are made:
(a) The sound frequencies considered, as far as they apply to music, are always understood to be limited to the range of the frequencies of the musical instruments ðc À3 where the square brackets denote the closed interval 1 = 0 2. The interval Eq. (2.4), for arbitrarily chosen 0 , corresponds to the primary (basic) octave, with the two endpoints of the interval
forming a perfect consonance.
Taking the consonance property of the octave into account, Eq. (2.1) can be rewritten in the form (Eq. (1.1)),
where =2 is a real parameter. The values 0 =2 1 then cover the frequencies of an octave. Since 0 can be arbitrarily chosen, the endpoint of the octave Eq. (2.6) can also be chosen as the starting point of an octave, namely the octave
and, since moreover the choice of 0 does not affect the octave property (perfect consonance), the octave Eq. (2.7) has again the properties of the octave (2.6), except for a difference in pitch, 0 being replaced by 2 0 (a rescaling). The line of all sound frequencies can thus be segmented into octaves which have identical musical properties, except for the pitch (a rescaling of the basic interval 0 ½1; 2) lin n;
where n ¼ 0 represents the basic octave. Note that due to the octave property the negative values n ¼ À1; À2; À3; . . . can be ignored since for any value 2 Àn the octaves can be rescaled by the factor 2 nþm ,
reproducing musically identical octaves (except for the pitch). Thus, henceforth the values for the integer n will generally be restricted to nonnegative integers. It is important to note that the musical properties of all octaves are the same because they are given as ratios of frequencies. Thus the scaling factors cancel and the ratios remain the same. For the parameters of Eq. (2.2) the form =2 will be chosen. Then the octave property applied to Eq. (2.2) yields exp n;
. . . ð2:10Þ
again segmenting the frequencies into octave intervals of identical musical properties, except for the pitch. The notation =2 and =2 for the parameters and has been adopted in view of their significance to symmetry cycles (Sect. 3). These parameter values define a lattice tone. For all other parameter values there is a discrepancy between the frequency lin and the frequency exp (Fig. 2) .
(f) The octave property (consonance of the tones and 2) is assumed to be universally true, all humans having essentially the same receiving and analysing mechanism in their ear. The interpretation of the analysed signal in the human mind will however depend upon cultural influences. After all, the interpretation of the ratios of frequencies as consonances or as dissonances has changed with time. Thus, while cultural influences do lead to different types of music, reflecting itself in different musical scales and involving different tones, the underlying musical structure upon which the various types of music are built remains the same.
Cycles and Symmetries
If the frequencies are set to be equal it holds
(the inverse function to Eq. (3.1)). The octave property, that is the equivalence of the endpoints of an octave interval, combined with the equivalence of all octaves of the octave system, Eq. (2.8), suggests to look upon the octaves as cycles. The endpoint of the n-th octave,
is also the beginning point of the ðn þ 1Þ-st octave,
Mathematical-Physical Properties of Musical Tone Systems which, in turn, is equivalent to the beginning point of the n-th octave (except for a scaling factor),
Thus, each octave can be represented as a frequency cycle That is, the n-th octave loops the circle 2 n times (the scaling factor). The exponent n þ ð=2Þ in Eq. (3.1) describes for 0 =2 1 the nonlinear (exponential) behaviour of the n-th octave. This exponent can thus be used to characterize the n-th octave,
ð3:5Þ
where now 0 =2 1 represents a single cycle for any octave. The two cylindrical spirals (Fig. 3 )
intersect at the two endpoints of each octave n, =2 ¼ =2 ¼ 0 and =2 ¼ =2 ¼ 1. Thus, while one loop of a logarithmic spiral defined in Eq. (3.6b) is completed, the spiral given by Eq. (3.6a) completes n 2 loops in a linear manner for each octave n. A cylindrical spiral description has also been discussed in [3] .
An expression for the ð2=1Þ-octave property -restricted to the plane -is given by the spiral
n ¼ 0; AE 1; AE 2; . . . ; 0< 2 1; ð3:7Þ 
Derivation and Analysis
In this section the basic results of this article are derived and discussed. Fig. 4 . This is an illustration of the ð2=1Þ-octave property as a spiral structure in the plane. This spiral structure is the cause for the logarithmic (exponential) law for the frequencies exp
Eq. (3.1), the basic equation for the familiar 2-based octave system, can be rewritten in the form 0 ¼ 2
ð4:1Þ where the integer n denotes the n-th octave, and the integer k takes on the values k ¼ 0; 1; 2; . . . ; n:
ð4:2Þ it is seen that the factor 
which is the basic law for (scaled octave) cycles based upon the numbers ð1 þ 2 k Þ, w ¼ 0; AE1; AE2; . . . . The value k ¼ 0 yields the familiar 2-based octave cycle,
: ð4:9Þ
The value k ¼ 1 yields the 3-based octave system Á -octaves (see Fig. 3 ). Considering Eq. (4.2) for the special values n ¼ 1, k ¼ 0 and n ¼ 2, k ¼ 1, it can be seen that the numbers 4 and 6 are in fact composite numbers, namely 2.2 and 2.3. That is, they are built up from the basic set (2, 3, 5)
The 2-based, 3-based and 5-based octave systems are called octave systems since they carry the octave system properties of the standard musical octave system, which is based upon 2. This property is inherited from the original 2-based octave system since the 3-based and 5-based octave systems are obtained by means of similarity (scaling) transformations which do not alter the musical properties (ratios). This is analogous to the manner by which the n 6 ¼ 0, 2-based octaves, inherit the properties from the basic n ¼ 0 octave, which yields for =2 ¼ 1 the scaled octave n ¼ 1,
that is, the next octave (together with its inherited musical properties). The scaling (similarity) transformation which carries the ð1 þ 2 k ð=2ÞÞ-based octave into the ð1 þ 2 kþ1 ð=2ÞÞ-based octave is given by ð1 þ 2 kþ1 ð=2ÞÞ ð1 þ 2 k ð=2ÞÞ ð4:16Þ
which for =2 ¼ 1 yields the scaling ratios
The combined octave system consists of the product of the three octave systems given by the product of the scalings The various lattices shown in the figures can be derived from Eq. (4.23).
They define, via their lattice points, the intrinsic musical properties of a musical system. External requirements, like the requirement of ''equal spacing'' between tones for mechanical instruments of western culture ð 12 ffiffi ffi 2 p Þ, will cause disturbances of the symmetry of the musical lattice, i.e. will ''break its symmetry.''
Results and Summary
The musical tones, defined by their frequency ratios, can formally be looked upon as lattice points (vectors) in a 3-dimensional lattice space. The lattice lines represent -in a formal way -''rescaled octave systems''. That is, the lattice points along the A geometrical picture for the 3-dimensional musical tone system is thus given by n; m; r; 2 ¼ 2 1
1 þ 2ð=2Þ 
The scaling factors between these octave systems are given by ðn; 0; 0; correspond to the musical tones ð=2 ¼ =2 ¼ 0Þ of the musical lattice system with respect to the reference tone 0 . These frequency ratios can be represented as lattice points of a 3-dimensional lattice with the distances between the lattice points along the three axes scaled by the factors
Á r , respectively, Fig. 12 and Fig. 15 .
In turn, for fixed values n; m; r, the frequency can be looked upon as the defining ratio of the musical tones which correspond to the two frequencies 0 0 and 0 . That is, each musical tone has associated with it its own lattice octave system with all its tones defined by ð=2 ¼ =2 ¼ 0; 1Þ, and the musical ratio Note that the tones , , of this figure correspond to the Pythagorean tones b b, es, as, respectively (Fig. 9) 
